In teaching complex numbers, i* is a classic example most teachers give with the following solution:
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i= 1el(g) =it= [61(5)] =e 2j.e.i'isareal number.

However, when | read from a book many years ago that actually it has infinitely many answers | was
pleasantly surprised and thought of the following solution instead:

, (T t _(m ,
it = [el(2+2k")] =e (2+2k”) where k € Zi.e. i* has infinitely many answers and all are real numbers.
As such | set the following questions to my students:

Find the modulus and principle argument of the following:
a) e'; b) 15 ¢) a,aeRY; d) (-1); e) a,aeR™; f) 05 g) ci,ceC/{0}

5) el = [e_ei(zzm)]i b) 1i = [ei(o+2kn)]" o) al = [a.ei(0+2kn)]i d) (-1)i= (ii)z
= e 2kmgi = e~ 2km = gle2km ~ —(§+2krr) 2
ie. |e—2kn| =1 = g 2kmgilna il
ie.k=0 Similartoa), k = 0 Similarly, k = 0 = g~ (wt+akm)
|ei|:1 |1i|:1 |ai|:1 |ai|:e—(n+4kn)
Prin arg (e')=1 Prin arg (1°)=0 Prinarg (a') = Ina Prinarg (1)) =0
e) a'=[-al'(-1)’ [ 0 = [0.e!@+2km]' g) Let c = rel(@+2km)
= egln(=a)p— (m+4km) — 0le—(6+2km) r=|c|>0andPrinargc =0 #0
— p—T(1+4k) piln(-a) Oi(l B e‘(9+2k”)) _ 0 cl = [ri(g—;?:jk?]
But thisistrueV —m < 6 <, = e \WrHMetinT
thus 0' =0
|ai| = g~ (1+ak)m |Oi| -0 |Ci| — —(6+2km)
Prin arg (ai) = In(—a) Prin arg (Oi)=undefined Prin arg (ci) =Inr =1In|c|

In the above working, k is any integer.

Note that for d), e) and g) there are infinitely many answers for the modulus.
Thinking questions:
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Ql) Whatisil'? Isit [e_(?mm)] ori®

Q2) If both z and w are complex numbers, how to evaluate z"'?



